could not be confirmed or denied since its effect was, in
general, less than the experimental error. The only ex-
ception was at the hi%lhest eccentricity ratio investigated,
¢ = 0.96, k = 0.93, where the one experimental data point
obtained verified the predicted dependence of terminal
velocity ratio on «.

CONCLUSION

All factors considered, the experimental data reported
here provide verification of the theory developed by
Chen, et al. [1], agreeing with an average deviation of
2.5%.
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NOTATION

inner radius of fall tube, cm.

Veon terminal velocity of cylinder when concentric to
fall tube, cm./sec.

Veee = terminal velocity of cylinder when eccentric to fall
tube, cm./sec.

e = eccentricity or displacement of axis of cylinder
to axis of fall tube, cm.

K = ratio of cylinder radius to inner radius of fall
tube, dimensionless

b = eccentricity ratio, ¢/[R(1 — «)], dimensionless
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Thermal Instability of a Horizontal Layer of Water Near 4° C

When a layer of fluid is subject to an adverse tempera-
ture gradient, the system is potentially unstable. The onset
of convection is indicated when the Rayleigh number ex-
ceeds its critical value. Rayleigh number is conventionally
defined as

Za (AT)d?

VK

NRa =

The critical Rayleigh number is dependent upon the
boundary conditions. For the case of rigid-rigid surfaces,
(NRa)cr is found to be approximately 1,700.

The problem becomes somewhat involved if the liquid
possesses a maximum density (or minimum) within the
lower and upper surface temperature. A good example is
that of a water layer which is subject to temperatures on
either side of 4°C. The density of water increases upward
from the lower surface until it reaches 2 maximum then
it decreases. In other words, part of the liquid layer is
potentially unstable while the other part is stable. Stability
analysis of this problem with rigid-rigid surface has been
carried out by a number of investigators (2, 3) by using
the following density-temperature relationship,

CHI TIEN

Syracuse University, Syracuse, New York

It is interesting to note that Rayleigh number defined by
Equation (2) is always positive because of the term of
(AT)2 Consequently, the onset of convection is possible
for both heating and cooling. Furthermore, one can show
that this criterion is also consistent with physical argu-
ment. For the limiting case of A = 1, Ty = Tnax, and
there is no density inversion within the liquid layer. The
critical Rayleigh number becomes

g['y2(Tz - Tmax)] [Ti— Tax]

VK

(Nra)er = d3 = 3,390

Approximate Expression of Eq. (5)

5 T
#— Pmax = = pmax ¥(T — Tiax)? (1) § I
A modified Rayleigh number can be defined as - S
(2 AAT) g(aT)d g
Ngg = (2) 5 0t
VK § of
The critical Razleigh number is found to be a function of 5
parameter A which is given as Linear Theory
T,—T il
A= 1= 4 max L
Ti=T. (3)
2—
Numerical values of (Ngqg)er vs. A are shown in Figure 1.
For A < 0.25, the asymptotic expression of Chandrasekhar s
can be used © . . . . : ‘ ;
o3 o4 [+2] 06 o7 o8 09 0
(NRq)or ~ 1186.4 ( ! )4 (4) A
Raer ' A Fig. 1. Critical Rayleigh number as a function of A.
Page 652 AIChE Journal July, 1968



or

T,—T
g [27 : 0 ks ] [Tl - Tmax]
VK
Tl"' Tmax
2

d? = 1,693

The term [ 2y ] can be considered as the

average value of the thermal expansion coefficient of the
liquid layer. If the results of classical Bernard problem is
applied, the critical Rayleigh number is known to be 1,700
which differs by less than 19 of the value of 1,695.

The asymptotic expression of the critical Rayleigh num-
ber indicates that Ngq,, => o as A = 0, or the system is
always stable. This is expected since for A = 0, T} =

A comparison between the theoretical results and the
recent experimental observation of Boger and Westwater
(1), is made and summarized in Table 1. The prediction
of the onset of convection was correct in all cases. In this
comparison, the presence of the solid phase (ice) was
neglected. The depth of the liquid layer is taken as D —
en where D and ey are the height of the test chambers
and the measured ice thickness, respectively. The surface
temperatures were 0°C. and T, (in terms of the notation
in reference 1), The Rayleigh number was evaluated ac-
cording to Equation (2). All the physical properties were
evaluated at the average temperatures (that is, To/2), the
value of y is taken as 8 X 10-¢ (0°C.) ~2 which was ob-
tained by fitting the density temperature data of water
according to Equation (1). For cases where T, >> 8°C,,
the term (2yAAT) is replaced by the actual value of ther-
mal expansion of water at T, since the form of expression
of Equation (1) no longer holds for T > 8°C.

TasLE 1. CoMpARISONS BETWEEN THE PREDICTIONS BAsED ON THIS WORK AND THE EXPERIMENTAL OBSERVATIONS (1)

Run no., * T, d< A
10B 0 75.2 1.798 0.05319
114 0 62.3 2.293 0.0642
11E 0 61.3 2.363 0.0653
12D 0 8.0 0.397 0.5
12H 8.2 0 0.445 0.5122
12R 8.9 0 0.523 0.5506
12P 9.8 0 0.545 0.5918
12Z 9.3 0 0.742 0.5699
12Q 9.8 0 0.795 0.5918
12N 12.2 0 0.976 0.6721
12 14.5 0 2.353 0.7241
12M 28.5 0 3.847 0.8596
12V 249 0 4,054 0.8394
12K 274 0 3.816 0.854

Convections
Pre- Experimental

Nra NRacr diction observations
2.5719 x 108 1.4825 x 108 no no
4.6887 x 108 6.9861 x 107 no no
4.2990 x 106 6.5272 x 107 no no
1411 x 108 1.868 x 104 no no
2.1436 x 103 1.63 x 14 no no
4.4565 x 103 1.22 x 104 no no
6.6640 x 108 9.4 x 108 no no
1.3387 x 104 1.09 x 10¢ yes yes
1.8996 x 10¢ 9.4 x 108 yes yes
6.2082 x 104 6.3 x 109 yes yes
1.3139 x 105 5.38 x 10° yes yes
4,153 x 107 3.85 x 108 yes yes
3.3882 x 107 4.1 x 103 yes yes
3.6495 x 107 4.0 x 108 yes yes

®in, °C, # in, cm,

Tmax. The liquid density is a maximum at the bottom and
decreases upward, a situation in which the onset of convec-
tion is obviously an impossibility.

An approximate stability criterion based on physical
argument can be obtained by applying the resulis of the
classical Bernard problem to the potentially unstable layer
only. Under this assumption, - the significant length and
temperature differences used for the evaluation of Ray-
leigh number becomes A(AT) and Ad, respectively. The
thermal expansion coefficient should be the average values,

or ( 2y —éi;—q—'—) . This yields

g| 242l | (aar)

VK

’ —
N Raer —

(Ad)% = 1,712
or

_ A B(2rAT) AT & 3432
N Vi (A

Numerical values of the critical Rayleigh number based
on this crude physical model were compared with those
based on the present analysis and shown in Figure 1. The
value of Ngq,,, according to Equation (5), was found to
be consistently higher than the actual value, but Equation
(5) does correctly predict the dependence of (Npa).r on
the parameter A in its asymptotic form.

(5)
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NOTATION

A = temperature difference ratio defined by Equation
(3)

d = height of fluid layer

g = gravitational acceleration
Ngre = Rayleigh number defined by Equation (2)

Ngq, = critical Rayleigh number

T'max = maximum density temperature

T, = temperature at lower surface of fluid layer

T, = temperature at upper surface of fluid layer

y == coefficient in density temperature relationship
given by Equation (1)

p = density

Pmax = maximum density

« == thermal diffusivity

v = kinematic viscosity
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